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1. INTRODUCTION 
One of the highlights of representation theory is the theory of blocks 
with cyclic defect groups (see [l, 51). Here we want to concentrate on the 
modular representations of such blocks. By the results of [12, 14, 151 it is 
known that the stable Auslander-Keiten quiver of a block with cyclic defect 
group D has just one connected component of type A,, where n = IDI - 1. 
In this article we want to reverse this process for a new approach to the 
cyclic theory. We will first prove that the component has to be of type A,, 
for some n E N by using just some general properties of Auslander-Reiten 
sequences and a new result by Kawata on the behaviour of the Auslander- 
Reiten quiver with respect to Green correspondence. From there we will 
deduce the properties of the modular representations of the block. 
For the following we fix some notation. We always have a Finite group 
G, a field F of characteristic p > 0 and a block B of FG with cyclic defect 
group D # 1. 
For the properties of Auslander-Reiten sequences and the Auslander- 
Reiten quiver we refer the reader to [3]. 
2. THE AUSLANDER-REITEN QUIVER OF B Is OF TREE CLASS A,, 
First we want to reduce our problem to the situation where the socle of 
D is normal in G. We denote by r the stable Auslander-Reiten quiver for 
B and set I’= sot D. 
* This work has been supported by the DFG project “Darstellungstheorie” at the Univer- 
sity of Essen. 
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Since D is cyclic, B is of finite representation type [ 101 and hence r has 
just one connected component [3 ,2.31.8]. As every subgroup of D occurs 
as a vertex of a module in B [4], r contains a module with vertex Y. Now 
Kawata’s Theorem [l l] tells us that I- is isomorphic to a subquiver d of 
f,, where Z-, is the Auslander-Reiten quiver of the Brauer correspondent 
b in FN,( I’). As the Green correspondence gives a bijection between the 
non-projective modules of B and b, this implies that if r,, is of type A,, 
then so is Tr r,. Thus we may (and will) assume for the rest of this 
section that Y is normal in G. 
Since r is finite, its tree class is one of the finite Dynkin diagrams (see 
II3, 611, 
B,, 0 
(1.2) _ . ..~ , n> 2 
c,, O (2.1) 0 . . . L- n 3 3 
D, 
>- 
. . . - n 2 4. 
” 
The diagrams A,,, B,,, C,,: and D, all have II nodes. 
Fa 0 
- il.2) 
0 
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Since f contains all non-projective B-modules, the Heller operator B 
induces an automorphism on r and on its tree. 
Claim. If D is not cyclic of order 2, then the induced automorphism on 
the tree is not the identity. 
ProoJ: Let U be any indecomposable FG-module in B with vertex D, 
and let X be a source of U. Then all the modules in the Auslander-Reiten 
orbit of U have Xr QIm(X) as a source. But .QU has QX as a source, and 
QX is not conjugate to X unless D is of order 2. Thus QU lies in a different 
Auslander-Reiten orbit. 1 
Of course, we can easily dispose of the case where D = Y is of order 2. 
In this situation D is central in G and then we can consider the corre- 
sponding block i? of G/D which is of defect 0. Thus I(B) = Z(B) = 1, the 
Cartan matrix of B is just (2) and the unique projective indecomposable 
module I’, looks like 
S 
Ps: 
S 
where S is the simple module in B. In particular, r is of type .4 i. 
Hence we will assume from now on that IDI 3 2, so we have a non-trivial 
automorphism B induced by Q on the tree of r. This already excludes all 
the Dynkin diagrams except .4,, D,, and E,. Note that by the same argu- 
ment as before, CJ can only fix orbits of modules with vertex of order 2. 
We show now that D,, and E, cannot occur. Since the action of cr is 
given by 
we conclude from the above that p = 2 and the modules in the fixed orbits 
have vertex Y z Z,. In particular, they are projective-free on restriction 
to Y. Furthermore, we can deduce that IDI = 4. 
In both cases there is a fixed orbit at an end of the tree. Let us consider 
a module M in this orbit. Since it has source F,, its Auslander-Reiten 
sequence 
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decomposes on Y into copies of the Auslander-Reiten sequence for F, and 
split sequences [9]. But the Auslander-Reiten sequence of F, has middle 
term FY, so Xy has a nonzero projective part. As the non-projective 
summand of X belongs also to a fixed orbit, it has vertex Y and is thus 
projective-free on Y. Hence X must have a non-zero projective summand. 
Thus all modules in the fixed end orbit are of the form: 52 of a simple 
module. But since the orbit is fixed under 8, we conclude that they are also 
all simple and this easily gives a contradiction. 
By the arguments above, not only the tree class must be some A,, but 
in fact the quiver has to be a tube. It cannot be a Mobius strip because a 
module U with vertex D is not in the same AuslanderReiten orbit as the 
module sZ( U), if D is not of order 2. Summarising we have proved so far: 
PROPOSITION 2.1. Let B be u block tcith cyclic defect groups. Then its 
stable Auslander-Reiten quiver is a tube of type A,, *for some n E N. 
Our next aim is to deduce from this result the main properties of the 
modular representations in the block B, in particular we will reprove the 
results in [12]. 
3. 4 CLOSER LOOK AT THE QUIVER 
Before we start investigating the quiver of 6, we want to deduce some 
general properties from the fact that the Auslander-Reiten quiver of a 
block is of type A,. 
Suppose we have a non-projective mesh of the form 
in the quiver. Since any irreducible morphism is either a monomorphism or 
an epimorphism, an easy dimension argument shows: 
CI is mono (epi) if and only if /? is mono (epij. 
Now if we do not have a projective module in a certain end mesh, then the 
corresponding maps c(~, /3i have to be mono resp. epi. (In the following 
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pictures all maps go from the left to the right, so we omit the arrows. 
Furthermore, one has to make the suitable identifications to obtain a tube. ) 
O\ PY YO\ P\ /O\ /O 
/“\ /O\ YO\ /“\ /O\ . . . 0 \o/o\o/o\o~o\o/o\o/o ..’ 
o/\o/\o/\o/\o/\o 
o\o/o\o/o\o/o\oP\o/o 
o/ \d \,/ \d \y \. 
As long as we do not come across a projective mesh. all the “parallel” 
maps IL, PA, . . . again have to be epis by the foregoing argument. But the 
map fill-r at the bottom end of the quiver has to be mono, if there is no 
projective module in the corresponding mesh at the end. Hence, we must 
come along a projective mesh, and parallel below this there can not be any 
further projective mesh. This proves the following: 
PROPOSITION 3.1. Let B be a block with cyclic defect groups, so that its 
stable Auslandeer-Reiten quiver is a tube of type A,,. Then the number i( Bj 
of projective indecomposable modules in B equals the tvidth sf the tube, i.e.. 
the R2-period of any non-projective indecomposable module is exactly i( B’). 
Since the Heller operator commutes with Green correspondence, we 
deduce: 
PROPOSITION 3.2. Let B be a block of FG with cJ*clic defect group D, H 
a subgroup of G containing N,(D), and let B’ be the Bmuer correspondenr 
of B in FH. Then I(B) = l(B’). 
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We can also determne the Q-period precisely. If 52 moves an orbit, then 
clearly the modules in this orbit have period exactly 2/(B). The only orbit 
that may be lixed is the middle orbit in case rz is odd. But also, p has to 
be 2 in this case, and we will prove later that I(B) always divides p - 1, so 
the tube is of width 1. Thus there is only one module in this fixed orbit, and 
hence this module has period 1 (and vertex of order 2). 
As a further general fact we note: 
PROPOSITION 3.3. Let B be a block with cyclic defect grollps. Then there 
is always a simple tnodztle in B lying at an end of the stable Auslander-Reiten 
quiver for B. Equivalentl~~, there is a projective indecornposable module in B 
1iith indecomposable h art. 
ProoJ: Take a simple B-module S which is closest to an end, so there 
is no projective mesh between S and this end. But then counting dimen- 
sions (or looking at parallel maps as before j gives a contradiction if S is 
not already at the end. 1 
This can be used to prove the following result (see [l, 121). 
COROLLARY 3.4. Let B be a block of FG offinite representation type. If 
l(B) = 1, then B is uniserial. 
ProoJ: From the above, we already know that the stable Auslander- 
Reiten quiver of B is a tube of widih one, with the simple B-module at one 
end. Starting from this end, count composition factors and note that there 
is exactly one indecomposable module for each possible composition 
length. 1 
For a more detailed analysis of the quiver, we go back to the notation 
at the beginning of the previous paragraph. We first consider the situation 
on the level of N=N,( I’), where Y is the socle of D, and we denote 
again by b the Brauer correspondent of B in FN and by r, the stable 
Auslander-Reiten quiver of b. 
Let us first look at the case where D = Y is cyclic of order p. If y = 2, 
then we already know that D has just one simple module S with projective 
cover P, of length 2. Hence, we will assume now that p > 2. 
As D is normal in N, the restriction of any Auslander-Reiten sequence 
of an indecomposable module in b to D gives copies of the Auslander- 
Reiten sequence of its source plus a split sequence. The Auslander-Reiten 
quiver for FD is given as follows, where L, is the unique indecomposable 
FD-module of dimension i, and the right and left edge have to be identified: 
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L,=FD 
Since any non-projective indecomposable b-module is projective-free and 
homogeneous on D, this implies that the Auslander-Reiten translates of a 
projective mesh are again projective meshes and thus all the modules in the 
orbit of a simple module are again simple. Rut then all the simple modules 
have to lie at one end of f,, and all the projective meshes on the other. 
From the picture above we obtain the following’picture for L’O on D (again 
with the appropriate identifications to obtain a tube of width I(h)): 
t t t t t t 
ct~~,L~~,Lt~~,L~~,~~i 
Lt/“\$/o\j/o\~/o’<‘~ \ti . . . . . . 0 
\o/ \,/ \,/ \/ \,/ 
o/ \,/ \,/ \,/ \o/‘\o 
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From this we deduce immediately that the number of indecomposable 
6modules is exactly p . I(O) and the quiver is of type A, r. Furthermore, 
from the picture above we obtain immediately the structure of the 
projective covers. Set e = 1(6 j and let S be a simple b-module, so that Si = 
Q2”- ‘j(S), 1 d i d E, are all the simple &modules. Then going down from 
the top end of the quiver we learn that the projective cover Pi of Si is 
uniserial with composition factors (from the top down) Sj, Si + i, . . . . Si+a-, , 
where the indices are to be taken mode. Since the socle of Pi is Si this 
shows already that e divides p L 1. 
By Kawata’s Theorem, we obtain r from I-, just by Green corre- 
spondence and hence the number of non-projective B-modules is 
(p- 1) ‘I(b). As we have already seen that I(b) = I(B), we obtain now 
immediately that the number of indecomposable B-modules is exactly 
p.l(B)= lDJ .l(B) and I(B) divides p- 1. 
Now let us turn to the case where Y< D. Consider two orbits of modules 
with vertex Y in r,, say X, and X2. If the modules in the orbits between 
X, and X2 have vertices > Y, then all the Auslander-Reiten sequences 
between X, and X2 split on Y. Since the modules in X, and X, are 
projective-free on Y. one can easily see that also all the modules in between 
have to be projective-free on Y. 
Thus we have the following situation. There are orbits Z, and Z, of 
modules with vertex Y such that the modules in the orbits above Z, and 
below Z2 have vertices > Y, and projective meshes resp. simple b-modules 
with vertices > Ycan only be above Z, or below Z,. Furthermore, the pic- 
ture of the Auslander-Reiten quiver for FY tells us that if the modules in 
(say) Z, do not have source L,- I, then its neighbour orbits are projective- 
free on Y and then we obtain inductively that there cannot be a projective 
mesh above Z,. Now let S be a simple b-module with vertex D, so we may 
assume it lies above Z, and thus, by the foregoing, Z1 must have source 
L pi I and then the modules in Z1 have source Fy. If p > 2, we know now 
from the above that all modules above Z, decompose on Y into copies of 
F, and all the modules below Z2 do have a projective summand on Y. 
Similarly as before, one easily sees that S has to lie in the end orbit, and 
in fact all the modules in this orbit are simple. From the reasoning at the 
beginning of this paragraph, we know that these are all the simple 
b-modules. 
For p = 2, the assumption Z, # Z2 leads to a contradiction. So there is 
only one orbit with vertex Y modules. By considering the projective parts 
on Y, it is easy to show that also in this case all the simple h-modules form 
the end orbit above Z,. 
From the preceding discussion we now have the following information: 
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Row Vertex Decomposition on 1 Comments 
1 >I Simple h-modules 
Since the modules in a Y-orbit are homogeneous on Y, the modules in 
the second Y-orbit have source L2 and decompose on Y into II?:, in 
particular 2i,n, = (il + i,)n,. Thus the picture continues (note that we have 
some relations between the integers nk, iJ occurring), 
Row Vertex Decomposition on 1 Comments 
i, + i2 I 
i,+i:+ 1 >Y 
i, -t i2 + i, I’ 
>Y 
,=I 
> I. 
p--L 
c i, Y 
,=I 
ZY 
II >I 
(/If 1 
Q of simple h-modules 
Projective b-modules) 
From this table we can already deduce the following 
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LEMMA 3.5. (i) Any indecomposable b-module decomposes on Y into 
copies of at most two d$@ent indecomposable FY-modules. 
(ii) The indecomposable h-modules in the top i, and bottom ip YON’S 
decompose on Y into copies of F,- resp. copies qf Q(F,) plus a projectioe 
module. 
Counting composition factors from the top row down, the modules in 
row number i obviously have exactly i composition factors. Furthermore, 
in this way we also obtain the structure of each indecomposable module. 
In particular, from this it is clear that they are all uniserial and modules of 
the same length are of the same dimension. 
More precisely, let S be a simple b-module and set Si = Q’(‘- “S for all 
i E h. So the Si are all the simple b-modules and S, + I z S, = S for e = I(b). 
Then the composition factors of the projective cover Pi= P,, of Si are (in 
this order from the top down), 
si, si+,, si.+2, . . .. scz7 S, 3 S’, ...? SC, ...2 Sly ...) Si 
and hence e divides n. 
Now assume for the moment that F is a splitting field for N and its sub- 
groups. Then S is of height 0 and (dim P,), = INI,, hence the equation 
dimP,=jrz+ 1)dimS 
yields: pd= (D( = (n + l)p. We want to show pd= n + 1. Set a= rz/e. From 
the above we conclude that the Cartan matrix for b is the e x e matrix 
which has determinant ea + 1 = tz + 1. Since the determinant of the Cartan 
matrix has to be a p-power, this proves n + 1 = lDJ. Also, this shows that 
e divides (D( - 1. Now considered as an &N/Y)-module S belongs to a 
block with defect group D/Y, and S still has period 3e over N/Y. Thus we 
have that e divides ID/Y1 - 1. Inductively, we obtain that e divides p- 1. 
Looking at the tree picture with this information, we know now also that 
ij=j.pd-' are the indices of the vertex Y orbits, and indeed it is easy to 
locate the modules with any given vertex. Furthermore, since every 
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Xsource for X< D is a source for some indecomposable module in B, WC! 
conclude that every such X-source is a source for exactly the e modules in 
one @-orbit (compare [13]). Moreover, the modules in the top and 
bottom y - 1 rows are all of height 0, and this property is preserved under 
Green correspondence. So in the splitting field situation, also all the 
indecomposable modules in the top and bottom p - 1 rows of r are of 
height 0. 
It is well known that vertices and projective resolutions are well behaved 
with respect to finite field extensions, and for the behaviour of Auslander 
Reiten sequences we refer to [3]. Hence the discussion above leads to the 
following results: 
THEOREM 3.6. (i j Let e = I(b) and let S be a simple b-module. Then the 
modules Si = -Q’Ci- ‘l(S), 1 6 i < e, are all the simple b-modules. 
(ii) The stable Auslander-Reiten quiver for b is a tube of tree class 
A,,, _ z and width e, with all the simple modules in one end orbit and all the 
projective meshes at the other end. In particular. the number of indecom- 
posable b-modules is e 1 DI. 
(iii) e dioides p - 1. 
(iv) The indecomposable projective b-modules Pi = P,y, are uniserial of 
length / DI and Loelry series (from the top down) 
For our original block B we have now immediately: 
THEOREM 3.7. (i) Z(B) = l(b) = e, and e divides p - 1. 
(ii) The stable Arrslander-Reiten quiver for B is a tube of tree class 
A ,n, ~~ z and width e. In particular, the number of indecomposable B-modules 
is e / Dj. More precisely, an), X-source for X f D is a .source for exactl?, e 
indecomposable modules in B. 
(iii) If” p is odd, then all non-projective indecomposable B-modules are 
of period 2e. If p = 2, then there is one indecomposable B-module ,rith source 
F, and period 1, and all other non-projectizle indecomposable B-modules are 
of period 2. 
(iv) There is at least one simple module T in an end orbit of the stable 
Artslander-Reiten quiver, and the heart oj” its projective cover is indecom- 
posable. Furthermore, the Green correspondent of T is either a simple or the 
Q of a simple module. 
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Note that any one-dimensional B-module clearly has to sit at an end. In 
particular, this gives the well known fact that the heart of the projective 
cover of the trivial module is indecomposable if the Sylow p-subgroups are 
cyclic. 
We note that the discussion before Theorem 3.6 also implies [5, VII.2.61. 
As a further application, our methods give an easy proof of the following 
result [S, VII.2.51: 
THEOREM 3.8. Let S and T be simple FG-modules in B, and let fS and 
j”T be their Green correspondents in 6. Then the following are equivalent: 
(i) S2: T. 
(ii) socfS c sot f  T. 
(iii) top.fS 2 topf T. 
Proof: Different simple modules S and T lie on different “diagonals” of 
the Auslander-Reiten quiver for B by the discussion at the beginning of 
this section. Hence, so do their Green correspondents in the quiver for b. 
But these have as socles resp. tops the simple modules at the upper end (in 
our usual picture) of their diagonals in the quiver. 1 
We will come to some of the other results in [S, VII.21 in the next 
section. At the end of this section we state a criterion for uniseriality which 
follows from the arguments developed so far (see [ 13, 5.11): 
COROLLARY 3.9. The following assertions are equivalent for a block B 
of FG: 
(i) B is uniserial. 
(ii) The simple B-modules form one end of the stable Auslander- 
Reiten quioer for B, and B has cyclic defect groups. 
(iii) A11 simple B-modules have the same source, and B has cyclic 
defect groups. 
4. WALKING AROUND THE AUSLANDER-REITEN QUIVER 
In this final section we want to draw some more conclusions from the 
fact that Kawata’s Theorem tells us that in our case the quivers of B and 
b are related via Green correspondence, and that this commutes with Q. 
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Also we will recall some results from [7] for the case where F is algebrai- 
cally closed. 
On the level of N= NJ Y) (in the notation of the previous sections) it 
is rather easy to find B(S) for a simple module S: just walk along the 
quiver (in the picture below, identify the right and left edgej: 
\ o\o/o\/o\/o o/\o/‘?y\ Lo/\/\,/ o/k~/\o/\o 
The picture also shows what to do for an arbitrary module M: just 
follow the walk for the corresponding simple S, and if hJ was k steps away 
from S, then Q(M) is k steps farther than Q(S). 
Now by the same procedure we will find Q(U) for any indecomposable 
module U in B. In particular, we easily find the kernels of a minimal 
projective resolution for a simple B-module in an end orbit (in the scheme 
below remember that one has to make suitable identifications to obtain a 
tube ). 
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The simples that are passed along the way give the projectives in the 
resolution. For example, if there is a simple module X as above, then the 
projective cover of n(T) is the projective indecomposable module P,. This 
walk corresponds to Green’s walk on the Brauer tree [S]. 
Since we have proved in the previous section that b is a symmetric 
Nakayama algebra, we may now refer to a paper by Gabriel and 
Riedtmann [7], who used the Auslander-Reiten quiver for an investigation 
of algebras stably equivalent to symmetric Nakayama algebras. (For this 
we have to assume now that F is an algebraically closed field.) They proved 
that these algebras are exactly the algebras arising from Brauer trees. In 
particular, this implied the results in [ 141 on the structure of the projective 
indecomposable modules. Let us recall just a few facts from [7]. 
The modules at the end of the quiver for B all have simple socles and 
tops, and their socles resp. tops form a complete set of simple B-modules. 
More precisely, they are the modules of the form D, LJ, given as follows. 
Let S be a simple module, then we have ht P, z lJ@ V, where U, V are 
indecomposable or zero. Now we have extensions 
The modules of the form 0, c’ are the “maximal” modules in B (see [ 71). 
As a consequence, we obtain from this and the remarks at the beginning 
of this section: 
PROPOSITION 4.1. If A4 is an indecomposable B-module at an end of the 
stable -&slander-Reiten quiver for B, then the projective modules occurring 
in a minimal projective resolution for A4 are all indecomposable. 
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As noted before, if the Sylow p-subgroups of G are cyclic, this applies to 
the module M= F, to give again the result by Alperin and Janusz [2]. 
More generally, it holds for any module with simple Green correspondent. 
Also note that this holds without assumptions on the field F if the module 
is absolutely indecomposable. 
For the block b, all the simple modules are sitting in an end orbit. Now 
the question is: where do the simple B-modules sit in the quiver? 
There is an easy way of determining all the Horn spaces (mod projective 
maps) [7]. Let M and L be any modules in B, then the maps from A4 to 
L are obtained by looking for the representatives of L in the quadrangle 
determined by M as in the following picture: 
This easily gives the answer to the question above and some more details 
on the simple modules and maps for arbitrary modules (see also 
[2, 7. 121): 
PROPOSITION 4.2. (i) The simple B-modules lie irl the top and bottom e 
YOWS. 
(ii) For any indecomposable B-module M, the multiplicity qf a simpie 
module S in the top and socle of A4 is at most one, 
(iii) The modules in the rows e + 1, . . . . 1 Dl -- e - 1 have non-projecrirle 
nilpoterz t endomorphisms. 
From the answer above and Lemma 3S(ii) we also learn the following: 
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PROPOSITION 4.3. For aq’ simple B-module S we have: 
(i j S has vertex D. 
(ii) The Green correspondent fS of S is either short or long, i.e.. its 
composition length is <e or 3 ) D1 - e. 
(iii) (j’S),sF~. or R(Fy)“’ (mod projectives) 
jtir some 1, m qf the form t r, 1 ,< t < e, where r is the dimension of the simple 
b-modules. 
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